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Abstract
The dynamics of two two-photon absorption (TPA) pathways in a four-level
quantum system driven by a laser pulse is investigated in this work. An
analytical solution for pulse shaping is proposed to be globally optimal for
constructive interference between the two pathways, and accurate spectral
boundaries for phase modulation are obtained. The TPA rate can be enhanced
by a factor of 8.33 with the optimal pulse instead of the transform limited
pulse (TL pulse). Simple control strategies modulating both amplitudes and
phases are also designed to increase the TPA amplitude along one pathway
while decreasing that along the other simultaneously. The strategies are
intuitive and the two pathway amplitudes can differ by two orders of
magnitude.

Keywords: two-photon absorption, pathway dynamics, pulse shaping

(Some figures may appear in colour only in the online journal)

1. Introduction

Coherent control is a widely employed way to control quantum dynamics [1–9]. The
desired dynamics can be achieved through different quantum pathways, which interfere
coherently with each other and can be extracted with the so-called Hamiltonian-encoding
and observable-decoding (HE-OD) technique [10–18]. Pathway dynamics in the control of
quantum systems becomes more important after HE-OD is proposed to detect and control
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the dynamics. In the protocol, the transition amplitude from the initial state a∣ ⟩ to the target
state b∣ ⟩ is decomposed into various quantum pathways, which explains details of
the control mechanism well. A typical pathway is specified by a sequence of transitions

    -a l l l bn1 2 1∣ ⟩ ∣ ⟩ ∣ ⟩ ∣ ⟩ ∣ ⟩, where the intermediate states li∣ ⟩,
= -i n1, 2, , 1, indicate that n steps are involved in this pathway. In the experiment, the

encoding is performed with respect to the control fieldʼs spectral phases via a standard laser
pulse shaper [17, 18], and the desired pathway amplitude is then obtained by decoding the
observed signals. HE-OD has been employed to reveal [17] and control [18] pathway
dynamics in atomic rubidium vapour.

Different strategies can be employed for pathway control [19, 20]. Generally, in the weak
perturbation regime, the two-photon absorption (TPA) process can be effectively controlled
by modulating the interference of different photon pairs with frequencies adding up to the
final transition energy [21, 22]. Dudovich et al [22] proposed an optimal scheme to maximize
one TPA pathway amplitude. Lee et al [23] explored coherent interference of the two TPA
pathways in atomic rubidium both theoretically and experimentally, and their block scheme
achieves a rather good effect. In this work, we investigate the coherent control of two TPA
pathways in a typical four-level quantum system. The block scheme is modified to achieve the
global maximum of the total TPA rate, where the accurate block boundaries are given
analytically. Furthermore, four intuitive strategies with both amplitude and phase shaping are
proposed to steer the quantum dynamics towards one desired pathway, and the two pathway
amplitudes can differ by two orders of magnitude.

The paper is organized as follows. Section 2 introduces the TPA model and the four-level
quantum system with two pathways. Section 3 gives the strategies to maximize the con-
structive interference of the two TPA pathways and manipulate the pathway dynamics. The
final conclusions are given in section 4.

2. Theoretical model

According to the second-order perturbation theory, the amplitude of a TPA process induced
by a weak laser field E t( ) is

 ò òå
m m

w w= -
-¥ -¥

U t t t E t E t t td d exp i exp i 1
n

fn ng t t

fn ng2 1 2 1 2 1 2
1

( ) ( ) ( ) ( ) ( ) ( )

Here mfn and mng are the transition dipoles, w = -E Eij i j( ) , with g∣ ⟩, n∣ ⟩ and f∣ ⟩ being,
respectively, the ground, intermediate and final states, and the summation is performed over all
possible intermediate states. Further details of two-photon transition can be found in reference
[24]. Usually Fourier synthesis methods are employed in a typical femtosecond pulse shaping
experiment [25], where the programmable shaping is performed in the frequency domain with
the use of spatial light modulators. Therefore, an equivalent expression in the frequency domain
is necessary to understand the process.

With Fourier transformation, the final amplitude after the pulse is over (i.e.  ¥t ) can
be written in the frequency domain as a sum of resonant and non-resonant parts [22]:

å å= - = - +U U U U , 2
n

n

n
r

n
nr

n[ ] ( )( ) ( ) ( )
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The four-level quantum system to be investigated is shown in figure 1, and there are two
TPA pathways  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ and  g b f∣ ⟩ ∣ ⟩ ∣ ⟩. The parameters are m = 2.9931ag a.u.,
m = 0.9000fa a.u., m = 4.2275bg a.u., m = 1.0216fb a.u., w = 0.057 31ag a.u., w = 0.059 79fa

a.u., w = 0.058 40bg a.u., and w = 0.058 70fb a.u. These parameters refer to rubidium atoms,
and  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ and  g b f∣ ⟩ ∣ ⟩ ∣ ⟩ are just the two TPA pathways reaching the target
state D5 3 2 [16, 19].

A laser pulse with a Gaussian envelope is employed to drive the system from state g∣ ⟩ to
state f∣ ⟩ here

⎧⎨⎩
⎫⎬⎭w w

w w
= -

-
D

f wE B B exp
2

e , 50
0

2

2
i( ) ( ) ( ) ( )( )

where =B 0.00060 a.u., small enough to make sure that the light–matter interaction is
perturbative, wB ( ) is allowed to vary between 0 and 1 (i.e. w ÎB 0, 1( ) [ ]), w = 0.058 560

a.u. and D = ´ -5.7518 10 4 a.u. Here w0 is the center frequency of the pulse spectrum,
which is set to w~ 2fg .Δ is taken to be large enough to induce a wide spectral width covering
all characteristic transition frequencies. The parameters of w0 and Δ are the same as in
reference [23] and can make the two TPA pathways interfere obviously. wB ( ) is a scaling
function, and the corresponding spectral component is blocked when it is equal to zero. f w( )
is the phase function. In section 3, different choices of wB ( ) and f w( ) mark different
strategies to maximize the constructive interference of the two TPA pathways and manipulate
the pathway dynamics.

Figure 1. The structure of the four-level quantum system with w w>fn ng, =n a b, . The
two TPA pathways are labelled with green dashed (pathway  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ ) and
purple dotted (pathway  g b f∣ ⟩ ∣ ⟩ ∣ ⟩ ) arrows.
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For simplicity, the following definitions are adopted
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Since w w w w=G G g g0( ) ( ) ( ) ( ), the resonant and non-resonant parts of the n-th pathway can
be rewritten as
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Here wg ( ) and wh ( ) are axi-symmetric about w w= 2fg , which leads to w w=g g( ) ( ),
and w w=h h( ) ( ). The Cauchy principle value of Unr

n( ) can be further simplified by the
variable transformation w w  ,
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The convergence of the Cauchy principle value is analysed in appendix A. The non-
resonant terms of TPA amplitudes can be obtained from equations (A5) and (6e)

òw u w w w d= - +U B g h f ai d O , 9nr
n

n
D
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2

0
fn
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Here the region w w d w d= - + ¥D 2, ,fn fg fn fn( ) ⋃ ( ), =n a b, . (see also in appendix A).
In practice, δ is taken to be small enough to ensure the convergence ( -10 9 a.u. in our
simulations).

3. Coherent control of two TPA pathways

Different interference of pathways can lead to different dynamics. In this section, the coherent
control of the two pathways present in the four-level system will be investigated from two
aspects. The first focus is how to maximize the total TPA transition amplitude, and a global
optimal solution is proposed. The second is to make one pathway dominate in the TPA
process, and four simple intuitive schemes are shown to be effective. Both studies have
equations (9a) and (9b) as the starting point, and the results are shown together in table 1.

3.1. Global optimal scheme for the total TPA transition

Firstly, we define u w w¢ = -a a fa ag( ), and u w w¢ = -b b fb bg( ). Since w w>fn ng, wfT ( ) can
be written as a fractional form

w
w w w w w

w w w w w w w w
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- ¢ + ¢ - -

- - - -
f

a b g
, 10T

fo og
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( ) ( )( )( )
( )( )( )( )
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where wog and wfo are the real roots to make w =f 0T ( ) .
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The function wfT ( ) is plotted versus ω in figure 2(a), where wfo is between wfb and wfa, and
wog is between wag and wbg (not shown).

It is easy to get the following relation about the total TPA amplitude from equations (7a)
and (9b).
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To maximize U∣ ∣, we have to modulate the combinational phase w f w f wF = + ( ) ( ) ( )
to make all terms of U interfere constructively. Therefore, the equality in equation (13) holds
when the phase of the pulse satisfies

⎧
⎨
⎪⎪

⎩
⎪⎪

w

w d w w d

w d w w d

F =

- - -

+ + + ¥

p w

p
D D

, ,

0

, , ,

14

fb fo fa

fb fa

fb fo fa

2 2

2

fg( )
( )

⋃ ( )

⋃
( ) ⋃ ( )

( )

J. Phys. A: Math. Theor. 49 (2016) 285302 D Cao et al

5



Table 1. Pathway amplitudes with different control schemes. The TL pulse means no pulse shaping (i.e. w =B 1( ) , f w = 0( ) ). For simplicity, all
the values are reduced by a factor of B0

2. The subscripts r and nr indicate, respectively, the resonant and non-resonant terms of the TPA amplitude,
while the superscripts a( ) and b( ) correspond, respectively, to the two pathways  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ and  g b f∣ ⟩ ∣ ⟩ ∣ ⟩ in figure 1. Leeʼs scheme
[23] and the global optimal scheme aim to maximize the total TPA amplitude U∣ ∣. Strategies A and B try to make TPA pathway  g a f∣ ⟩ ∣ ⟩ ∣ ⟩
dominate, while strategies C and D are to make pathway  g b f∣ ⟩ ∣ ⟩ ∣ ⟩ dominate.

Terms Ur
a( ) Unr

a( ) Ur
b( ) Unr

b( ) Ur Unr U a( ) U b( ) U∣ ∣

TL pulse 3.82 4.95i 12.88 1.57i 16.70 6.52i 3.82+4.95i 12.88+1.57i 17.93
Leeʼs scheme 3.82 29.67 12.88 101.64 16.70 131.31 33.49 114.52 148.01
Global optimal scheme 3.82 32.52 12.88 100.12 16.70 132.64 36.35 113.00 149.35
Strategy A 3.82 35.70 0.00 1.85 3.82 37.55 39.52 1.85 41.37
Strategy B 3.82 33.47 0.00 −0.95 3.82 32.52 37.29 −0.95 36.34
Strategy C 0.00 −3.66 12.88 102.29 12.88 98.63 −3.66 115.18 111.52
Strategy D 0.00 −1.59 12.88 101.07 12.88 99.48 −1.59 113.95 112.36
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with the region w d w d= - +D ,fn fn fn( ), =n a b, . This is just the global optimal scheme
for the total TPA amplitude, and the amplitudes wB ( ) are not modulated (i.e. w =B 1( ) ).

Lee et al [23] have proposed an eight-block scheme to enhance the fluorescence signal of
TPA. If the phases of the last four spectral blocks (i.e. w w> 2fg ) are taken to be zero, their
scheme can be expressed as

⎧
⎨
⎪⎪
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Here the region w d w d= - +D ,ng ng ng( ), =n a b, .
Since U just depends on the combinational phase wF( ), the scheme in equation (15) can

be rewritten as

⎧
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This is the same as our scheme in equation (14), except that the critical frequency in our
scheme is wfo instead of wfc. The two schemes are shown in figure 3.

As indicated in table 1, our global optimal scheme can enhance the TPA rate by a factor
of 8.33 compared with the TL pulse, which is a little better than Leeʼs scheme [23]. Our
scheme is a global optimal solution to maximize the amplitude U∣ ∣ by considering exactly its
non-resonant terms by a proper variable transformation, while Leeʼs scheme [23] just takes
the dominant non-resonant terms into account when seeking for the spectral boundaries,
although it can also achieve a very good outcome.

Figure 2. (a) The plot of wfT ( ) versus ω with w =f 0T fo( ) . (b) The plots of wfa ( ) and
wfb ( ) versus ω. In both panels (a) and (b), ω ranges from w 2fg to infinity, the same as

the integration region in equation (8).
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3.2. Pathway manipulation strategies

In the four-level quantum system, there are two TPA pathways, namely  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ and
 g b f∣ ⟩ ∣ ⟩ ∣ ⟩. It is possible to detect and even manipulate pathway amplitudes after the

HE-OD technique is proposed and employed in experiments [17, 18]. Here we will try to
design simple schemes to manipulate them. To make one pathway dominate in the TPA
process, an intuitive strategy is to increase the desired pathway amplitude and decrease the
undesired one simultaneously by modulating both amplitudes and phases of the input laser
pulse. The plots of wfa ( ) and wfb ( ) versus ω are shown in figure 2(b). To increase U a∣ ∣( ) , we
can adopt a similar phase shaping scheme as mentioned above, which makes all terms ofU a( )

interfere constructively. To decrease U b∣ ∣( ) , we can block the spectral region around the
resonant frequency wfb, which makes the resonant term =U 0r

b( ) , and we can also make the
phases of the spectral regions nearby wfb be the same, which leads to the destructive inter-

ference of the dominant components ofUnr
b( ) . Without loss of generality, we assume f w = 0( )

and w =B 1( ) when w wÎ -¥, 2fg( ). The above analysis leads to strategy A which makes
pathway  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ dominate,

⎧⎨⎩
⎧
⎨
⎪⎪

⎩
⎪⎪

w

f w

w d

w d

=

=

- -

+ + ¥
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p

B
D

D

D

1

0 ,

,

0

, .

18

fb

fb

fa

fa

fa

2 2

2

fg( )
( )

( )

( )

( )

We can also block more spectral regions around wfb to suppressU b( ) more, which leads to
strategy B

Figure 3. (a) Our global optimal scheme described by equation (14); (b) Leeʼs scheme
described by equation (17). In both schemes, the amplitudes wB ( ) are not modulated
(i.e. w =B 1( ) ), and the phase f w( ) is equal to 0 when w w< 2fg (not shown).
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where the value of w w d w dÎ + -,da fb fa( ) has to be chosen carefully to achieve a better
control effect. In practice, it can be obtained by maximizing -U Ua b∣ ∣ ∣ ∣( ) ( ) . The two strategies
to make pathway  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ dominate are shown in figures 4(a) and (b), respectively.

Similarly, strategies C (described by equation (20)) and D (described by equation (21))
can be designed to make pathway  g b f∣ ⟩ ∣ ⟩ ∣ ⟩ dominate
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Figure 4. Phases f w( ) and amplitudes wB ( ) of the control pulses in the four pathway
manipulation strategies: (a) Strategy A; (b) Strategy B; (c) Strategy C; (d) Strategy D.
Strategies A and B are to make pathway  g a f∣ ⟩ ∣ ⟩ ∣ ⟩ dominate, while strategies C
and D are to make pathway  g b f∣ ⟩ ∣ ⟩ ∣ ⟩ dominate. The phases are all taken to be
step functions (indicated by the red solid lines). The amplitudes of the pulses are 0
within the blocked regions (indicated by blue rectangles), and 1 for the other regions.
f w( ) is 0 and wB ( ) is 1 when w w< 2fg (not shown).
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Here a suitable value w w d w dÎ + -,db fb fa( ) is also necessary in strategy D. It can also be
obtained by maximizing -U Ub a∣ ∣ ∣ ∣( ) ( ) . The two strategies C and D are shown in figures 4(c)
and (d) respectively.

As seen in table 1, strategies A and B can both eliminate the resonant term Ur
b( ) by

blocking specific spectral regions, and greatly suppress the non-resonant term Unr
b( ) via

destructive interference. In the mean time, the amplitudes of Ur
a( ) and Unr

a( ) are approximately
as large as those in Leeʼs scheme [23] and our global optimal scheme. Strategy B attempts to
block more regions near wfb, and thusUnr

b( ) is suppressed more, which leads to the larger ratio
of U a( ) to U b( ) although the magnitude of U a( ) is smaller than that in strategy A. In other
words, there exists a balance between enhancement of Unr

a∣ ∣( ) and suppression of Unr
b∣ ∣( ) . Similar

behaviour is observed in strategies C and D. In all strategies, the TPA amplitudes of the
desired and undesired pathways in the four strategies can differ by two orders of magnitude,
which indicates that the pathway dynamics can be manipulated effectively.

4. Concluding remarks

The coherent control of pathway dynamics in a four-level quantum system is investigated in
this work. A global optimal scheme is proposed to maximize the magnitude of the total TPA
rate. With accurate spectral boundaries for phase modulation, the constructive interference
between the two TPA pathways is maximized. The manipulation of the two TPA pathways is
achieved by some simple intuitive schemes, where the spectral bands around the resonant
frequencies of the undesired pathway are blocked and constructive interference of the non-
resonant terms of the desired pathway is induced by phase shaping. The simulation results
show that the strategies are effective for pathway manipulation, that is, enhancing one
pathway amplitude and suppressing the other simultaneously.

This paper only investigates a two-pathway quantum system with special energy struc-
ture (i.e. w w w<, 2ag bg fg ). As seen in equation (11), there are two real roots for w =f 0T ( )
when wag and wbg are both larger or smaller than w 2fg . The spectral boundaries for pulse
shaping could be changed when imaginary roots appear for other cases (i.e.
w w w< <2ag fg bg), which needs to be carefully studied. Furthermore, the complexity
increases for more general N-pathway ( >N 2) quantum systems. How to generalize our
schemes will be explored in future work.
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Appendix A. Convergence analysis of the Cauchy principle value

The Cauchy principle value in equation (8) equates to an integral over region w ¥2,fg( ),
which can be further divided into two regions w d w d= - +D ,fn fn fn( ) and

w= ¥ -D D2,fn fg fn( ) ( În a b,{ }). In the following, we will prove that the integral over
the region Dfn is of the order of dO( ) and thus the principle value converges to the integral
over the region Dfn when δ is small enough.
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For the two integral kernels in equation (8), we have
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Due to the limitation of spectral resolution in experiment, the spectral phases and
amplitudes could be considered the same within Dfn if δ is small enough. Without loss of
generality, it is assumed that w w=h h fn( ) ( ) when w Î Dfn.
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